This paper comments on the physical meaning of the line element in general relativity. We emphasize that, generally speaking, physical spatial and temporal coordinates ͑those with direct metrical significance͒ exist only in the immediate neighborhood of a given observer, and that the physical coordinates in different reference frames are related by Lorentz transformations ͑as in special relativity͒ even though those frames are accelerating or exist in strong gravitational fields.
I. INTRODUCTION
I often start my lecture on the meaning of the line element in general relativity ͑GR͒ with the provocative statement, ''In general relativity the Galilean transformation of classical mechanics is just as valid as the Lorentz transformation of special relativity, because all space-time coordinate transformations are equally valid in general relativity'' ͑the democracy of coordinate systems͒. This statement invariably sparks a heated discussion about what is physically significant in GR and serves to introduce the following comments on the meaning of the spacetime metric. I claim no new results in the following-only that this approach to understanding the metric has been useful for the author and may be of some help to others who attempt the daunting task of teaching GR to undergraduates.
II. REFERENCE FRAMES
For our purpose, a reference frame will be defined as a collection of fiducial observers distributed over space and moving in some prescribed manner. Each fiducial observer ͑FO͒ is assigned space coordinates x i (iϭ1,2,3) that do not change. ͓The FOs are ''at rest'' (x i ϭconstant) in these coordinates.͔ Each FO carries a standard measuring rod and a standard clock that measure proper length and proper time at his/her location. The basic data of GR are the results of local measurements made by the FOs. ͑These are the ''10,000 local witnesses'' in the words of Taylor and Wheeler. 2 ͒ In special relativity, the FOs usually sit on a rigid lattice of Cartesian coordinates in inertial space; there is a different set of FOs in a different inertial reference frame. In Schwarzschild space, the FOs reside at constant values of the Schwarzschild space coordinates (r,,), and, in an expanding universe, the FOs sit at constant values of the comoving Robertson-Walker space coordinates (r,,). In this case, the distance between FOs changes with time even though each FO is ''at rest'' (r,,ϭconstant) in these coordinates.
III. PHYSICAL SPACE
What is the distance dᐉ between neighboring FOs separated by coordinate displacement dx i when the line element has the general form
Einstein's answer is simple. 3 Let a light ͑or radar͒ pulse be transmitted from the first FO ͑observer A) to the second FO ͑observer B) where it is reflected and returns to A. If the time between transmission and reception of the reflected pulse ͑as measured by A's standard clock͒ is d A , then the Einstein distance between A and B is defined by the radar formula dᐉϭc d A /2. Using the general metric ͑1͒ for light (ds 2 ϭ0), we find in the Appendix that this distance dᐉ is given by the spatial metric
where
We call Eq. ͑2͒ the metric of physical space for the given reference frame. It measures proper distance at the point of interest, that is, local radar distance is the same as proper distance ͑the distance measured with a standard ruler͒. Notice that, when g 0i 0, the spatial metric components ␥ i j are not simply the spatial components g i j of the full metric g ␣␤ . The example of Einstein's rotating disk with measuring rods along the diameter and circumference, as depicted in Fig. 1 , nicely illustrates the use of Eqs. ͑2͒ and ͑3͒.
In inertial space with polar coordinates (r 0 , 0 ) and origin at the center of the disk, the space-time metric reads ds 2 ϭϪc 2 dt 2 ϩdr 0 2 ϩr 0 2 d 0 2 . A transformation to the frame rotating with the disk at angular velocity ⍀ (rϭr 0 , ϭ 0 ϩ⍀t) puts the metric into the form
with nonzero metric components g 00 ϭϪ͓1Ϫ(⍀r/c) 2 3 . ͑7c͒
But such differentials are not exact and cannot be integrated to give global Cartesian coordinates ͑if they could, the space would not be curved͒. 3 By the Einstein synchronization procedure, we mean the process in which, when the clock at O reads time t 0 and this time is transmitted over the coordinate displacement dx i of length dᐉ at the speed of light, the physical time at the end of this journey has the value tϭ t 0 ϩdl/c, that is, it contains the retardation correction dᐉ/c required to account for the finite and invariant propagation speed of the time signal. ͓That the definition ͑9͒ of the physical time differential d t is consistent with the Einstein synchronization procedure follows from the fact that d t is the time differential that gives the speed of light the value c in all directions.͔ Another way of saying this is that, in the immediate neighborhood of the given fiducial observer O, the condition d tϭ0 ͑or tϭconstant) defines a hypersurface of simultaneity.
IV. PHYSICAL TIME
The all important point of this discussion is that, as a temporal coordinate, the physical time t is a very special one. It is the time actually used by the fiducial observer for measurements in his local reference frame. If it were not so, this observer would not measure the local light speed c. Thus the notion that all fiducial observers measure the same speed c for light ͑Einstein's postulate͒ is equivalent to the notion that all fiducial observers use the physical time t in their local reference frames for the measurement of that speed. Also notice that, when we use local Cartesian coordinates dx i at a particular FO, the local line element ͑8͒ takes the Minkowski form
does not imply that the local frame dx is inertial. The observer O can be moving arbitrarily, and there can be a gravitational acceleration in this frame. ͓The local ϭ0. This form of the metric implies that the FOs of such a reference frame are freely falling ͓x i ϭconstant are geodesics of the metric ͑11͔͒, and the clocks of all the FOs run at the same rate and remain synchronized ͑no gravitational time dilation in this reference frame͒. These are the ''comoving'' ͑or ''synchronous''͒ reference frames. 4 Only in such frames does a global physical time exist. Examples include the Robertson-Walker metrics of cosmology, the comoving coordinates used by Oppenheimer and Snyder in their early studies of gravitational collapse, 5 and the inertial frames of special relativity. In all other reference frames ͑other than comoving ones͒ the differential of physical time is not exact, and there does not exist a global physical time coordinate. Gravitational time dilation is a symptom of the lack of a global physical time t(x 0 ,x i ). When the physical time differential is not exact, it often is possible to make it exact by means of an integrating factor ͓d tϭd t/R is exact for some function R(x 0 ,x i )]. In this case, integration gives what we call a ''synchronous temporal coordinate'' t(x 0 ,x i ), and the metric ͑8͒ is written in terms of this time coordinate as
where Rϭd 0 /d t is the rate of a fiducial clock on the time scale t. Clearly R describes gravitational time dilation. A most important feature of the metric ͑12͒ is that equal values of the temporal coordinate t, say t A ϭ t B for widely separated events A and B, implies that these events occur simultaneously ͑according to the Einstein definition͒ in the given reference frame. This result follows because the condition for neighboring events to be simultaneous (d tϭ0) can be written as d tϭ0 and d t is integrable. Hence, the locus t ϭconstant is a global hypersurface of simultaneity. Examples of this case include the Schwarzschild metric in Schwarzschild coordinates and any other time-orthogonal metric with metric coefficients g 0i ϭ0.
The final and probably most interesting case occurs when the physical time differential ͑9͒ is not exact and cannot be made exact by applying an integrating factor. In such reference frames, the question of whether widely separated events are simultaneous has no unambiguous answer. In this case, there does not exist any temporal coordinate t(x 0 ,x i ) with the property that equal values of this coordinate for separated events implies simultaneity of those events. We call such frames ''asynchronous'' frames. It is bad enough ͑or ''good enough'' because it is true͒ that judgments of simultaneity are different in different reference frames ͑as in special relativity͒, but for the concept of simultaneity of separated events to become meaningless in a single reference frame ͑even a rigid one͒ is even more difficult to swallow ͑but equally true͒. That our notion of simultaneity at a distance loses meaning in an asynchronous reference frame is, in the author's view, one of the most counterintuitive ideas in all of physics, and surprisingly little emphasis is given to it in many textbooks on general relativity.
We can begin to understand how the concept of simultaneity becomes ambiguous by returning to Einstein's rotating disk. Consider an observer at the center O of the disk and another at P on the edge of the rotating disk. Let two firecrackers explode at points A and B on the disk's edge equidistant from observers O and P as in Fig. 2 , and let the explosions be timed so that observer O sees the flashes at the same instant and concludes, therefore, that the flashes occur simultaneously. Observer P, who is also ''at rest'' in the rotating frame, sees the light from B before that from A because ͑from the vantage point of inertial space͒ he is moving toward the light coming from B and away from the light coming from A. Observer P concludes that the firecracker at B exploded before the one at A because he observed it first and the points A and B ͑where burn marks are left on the disk͒ are at equal distance from him. In this way we see how two observers, both at rest in a rigid reference frame, can disagree about the simultaneity of two events, and thus render the concept of simultaneity ambiguous.
The hallmark of an asynchronous reference frame is that the metric components g 0i not be zero, that is, that the metric tensor not be time-orthogonal. Examples of such metrics include rotating reference frames, the Kerr metric 6 in BoyerLindquist coordinates 7 representing a rotating black hole, and the Gödel metric 8 representing a model rotating uni- Fig. 2 . On Einstein's rotating disk, two firecrackers explode at points A and B on the disk's edge equidistant from observers O and P. Observer O sees the two flashes at the same instant and concludes the explosions occurred simultaneously. Observer P, moving with the disk, sees the flash from B before that from A and concludes the explosions are not simultaneous. Thus, the question of simultaneity is ambiguous in this rigid rotating reference frame.
verse. There is, of course, a time coordinate t in these metrics, but we must understand that the equality of this time, say t A ϭt B for separated events A and B, does not mean that these events are simultaneous. ͑One wonders why such a thing is called a ''time coordinate'' at all, because it does not have the most fundamental features one associates with the word ''time.''͒ No doubt it is the conceptual problems surrounding the failure of simultaneity in such frames that motivates many authors to eliminate the metric terms containing g oi by transforming to a different reference frame in which these terms are zero. But, if one wishes to work in a rotating frame ͑such as the frame rigidly attached to earth͒, or if one wishes to study certain ''frame dragging'' effects, these terms are necessarily present and give rise to such interesting effects as Coriolis forces, the gravitomagnetic field, and the Sagnac effect. 9, 10 In fact, the experimental demonstration of the Sagnac effect ͑the different light travel times for propagation in opposite directions around a closed path in a rotating frame͒ using a ring-laser gyro 11 or the global positioning system 12 may be interpreted as a verification of the failure of simultaneity in rotating reference frames, because such an effect would be inconsistent with the invariant light speed c if a global physical time ͑or even a global synchronous temporal coordinate͒ existed.
V. THE LORENTZ TRANSFORMATION
Let us return now to the statement made in Sec. I that ''In general relativity the Galilean transformation is just as valid as the Lorentz transformation.'' Specifically, consider the Galilean transformation
from an inertial frame K with metric,
to another inertial frame K as depicted in Fig. 3 . The time t is the time on synchronized clocks at rest in frame K , and frame K moves in the positive direction along the x axis at speed vϭdx /d t as measure by the FOs in K . We sometimes hear that Galileo's transformation ͑13͒ is ''wrong'' and Einstein's transformation ͑the Lorentz transformation͒ is ''right.'' But surely this statement cannot be correct when general relativity allows arbitrary space-time coordinate transformations, and Eq. ͑13͒ is a perfectly valid description of the motion of frame K from the point of view of the fiducial observers in K . What then is it that makes the Lorentz transformation preferable to the Galilean transformation? The answer is that the Lorentz transformation is expressed in terms of the physical time and physical space coordinates in frame K instead of the coordinates (ct,x,y,z) used in the Galilean transformation, which are actually physical times and physical distances in frame K . This property of the Lorentz transformation is convenient ͑but not necessary͒ for the calculation of physical quantities in the new frame.
Let us show this explicitly. The metric ͑14͒, written in terms of the Galilean coordinates x ϭ(ct,x,y,z) reads for frame K ញ (ϭK). We can also express the metric ͑15͒ in frame K ញ in terms of the physical time differential in this frame, Eq. ͑9͒, which also is an exact differential that integrates to the global physical time
͑18͒
If we substitute the transformations to physical variables ͑17͒ and ͑18͒ into the Galilean transformation ͑13͒, we obtain the Lorentz transformation
Observe that the Galilean transformation, far from being wrong, is a fully correct kinematic description of the motion of frame K ញ (ϭK) in terms of the space and time variables of frame K , and as soon as we express the Galilean transformation in terms of the physical time t ញ and physical space coor- dinates x ញ , y ញ , z ញ of frame K ញ , it becomes the Lorentz transformation.
VI. THE UNIVERSAL LORENTZ TRANSFORMATION
The local physical coordinates in different reference frames are related by a Lorentz transformation regardless of the motion of those frames. To see that this is so, consider two arbitrary reference frames ͑two sets of fiducial observers in relative motion͒ with space-time coordinates x and y connected by the coordinate transformation y ϭy (x ) or its inverse x ϭx (y ). At a particular fiducial observer X in the x-frame, we construct physical coordinates dx ϭ (c d t, 
